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@ In low curvature limit, the entropy of black hole is given by
Bekenstein - Hawking Area Law

A
S = —
BH = 7
@ From statistical point of view, the entropy of black hole is

Sstat = no. of microstates of black hole

@ In the large black hole limit
SeH(Q) = Sstat(Q)

where Spp( Q) denotes the Bekenstein-Hawking entropy of an
extremal black hole carrying a given set of charges labelled by Q, and
Sstat(Q) is statistical entropy in the string theory carrying the same
set of charges.



For the finite size black hole, higher derivative terms modifies the
horizon geometry hence, black hole entropy.

Does the agreement between Sgy(Q) and Sstat(Q) continue to hold
even after taking into account the effects of higher derivative
corrections on the black hole side, and deviation from the Cardy
formula on the statistical side?

It has been realized that the entropy of black hole can’t be completely
determined by using area law if we include higher derivative terms.

Entropy function formalism is used to calculate the entropy of a black
hole in the presence of higher derivative terms in the action.



@ Connection with String Theory : Higher derivative terms are
important in establishing a connection between microscopic quantities
computed in the string theory description, and macroscopic quantities
computed in the effective supergravity description.
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Tensor Calculus Method

Gauge Equivalence Program

. Introduce the extra symmetry (algebra and gauge multiplet),
. Choose compensators,
. Construct invariant action,

. Choose gauge fixings for redundant symmetries,

gl A W N =

. Rewrite action and transformations.



Schematic Representation
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Gauge Equivalence

Conformal Algebra and Gauge Fields

A general global conformal transformation is given as follows
- i " . i 1 Ny i i Lo 0
dcd' = H(x)0,P" — 5/\§w (x)m,® + Ap(x)kp(®) + )\‘Kkﬂ(cb) (2)
where
Eh(x) = a"+Mx +xMAp + (PN — 2xFx - Ag)

Ny (x) = A — 4X[“/\l;<]
/\D(X) = )\D — 2x - /\K

Commutator algebra of the conformal group
(M Mipol] = 20 Miolu) = 200oMioys [Pus Mpug)] = 201 Py
[Kiis M) = 200K [P Kol = 2 (0 D + M)
[D.P.] =P, [D,KJ=—K,



Local Conformal Transformation

P, —s e, My —w? D—b, K, —F (3)

ap — au(x),  Auw — A (%), Ap — Au(x), Mg — Me(x) (4)

@ {#(x) becomes an arbitrary function of spacetime and the first term
in Eq(2) describes the transformation of ®; under a g.c.t.

@ Conformal transformation — Covariant g.c.t. + Standard gauge
transformations.

5cgct = 5gct - 5I(£MhL) (5)

@ The gauge fields transform under the standard conformal
transformations as follows

de;, = f/\abe,/b — Ape;,
Sw2 = 9 2wl AP 4pel)
Sby = OuAp 4 2\kepus

8f = DNk — bk + Wi kb — A Fup + Apf



Gauge Theory of Gravity

For fields to transform properly under covariant general coordinate
transformations we need to impose constraints:

R (P?) =0, el R, (Mb) = 0.

Dependent gauge fields are given as:

wjb = 2e”[‘98[ue,,] bl _ gvlag b]"eucﬁye; + 2e, [ag blvp
fiett = R

S o)



Conformal Gravity Action

Se=-13 / d®x e¢p°¢

where
8¢ = Ap¢ (6)
0% = €"(8,Dap — 26, Do + Wil D + 2fah)
Gauge fixing:
_ 1 D c =0 r_1 D m (D - 2) 2
S. = 2/d xegll'p Loy Si= 2/d xe(@uqﬁa o+ a1y

4(D—1)

¢ = —
S! $> SH:%/deeR

Breaks dilatations




Fields in V' = 2 Supergravity theories

Superconformal Algebra

The superconformal transformations and their associated gauge fields are

Generator T | P, My, | D K, Q' S Vi A

Gauge fields | ef [w® [ by | f2 [ [ 6, [ Vij| A
Parameter £2 e [Ap [ Ay | € n' Nj [ Aa

(1 <i,j <2)-fundamental rep. of the SU(2) of R-symmetry,
(a,b=0.... 4) - tangent spacetime indices
(1, v = 0....4) - curved or world indices.



Conformal Supergravity

To construct off-shell representation of A/ = 2 conformal supergravity, we
have to impose constraints on the conformal curvatures.

R(P)s, =0, e pR(M)35 —iR(A), =0  +'R(Q), =0. (7)

Dependent bosonic fields: wzb, fy

Dependent fermionic field: ¢,

‘ Gauge fields ‘ e ‘ b, ‘ Yy ‘ V/’LJ"

There are 17(bosonic) + 16(fermionic) off-shell degrees of freedom. Its
necessary to add new fields to form super-multiplet.



Weyl Multiplet

All independent gauge fields together with the matter fields form a
superconformal multiplet, called the Weyl Multiplet.

[ Gauge fields | e2 | b, | &, | Vi ||

Matter Fields
Dilaton Weyl Multiplet

W,,, W, : gauge vectors (3+3),
Bu Two form gauge field (3),
X : Complex scalar field (2),
Q : Majorana spinors (8).
Make A, gauge field dependent on the matter fields.

There are 24 + 24 off-shell degrees of freedom.



Dilaton Weyl Multiplet in D = 4

de, = €"731/)M,- +hc —Ape,” + Ai,’feub,
) 1 - ;
o' =2Dye" — §5U’Y (FT 4G )€ — vun
1 1. 1_.
Oby = S dui — Zg'x—lwzm,- = 5% + hc.+ Aeua + 0uo
SV, = 2, — X1 g, P + 20}, — (h.c.; traceless)
6X =&Q; + (Ap — iNa) X
1 o :
0Q; =2 D Xe; + 2607 Fe — ée,-fy -G +2Xn;
SW,, = eV, Q) + 255 XE ), + h.c. + O\
(5VT/# = I'é‘ijg,"yqu — 2/8,‘])_(?% + h.c. + 8#5\
0By = AW, 0qW,) + W, 0o Wy + XE 7, Q) + 2 XXE 0, + hec

Butter, Daniel, et al. "N= 2 dilaton Weyl multiplet in 4D supergravity.” Journal of High Energy Physics 2018.3 (2018):
154.



Compensating Fields

Tensor Multiplet

oLy = 2y +2emene“o!
5¢i — IDLUEJ+5UE EJ—G€I+2LUT]J ;

- - ii 1 ij = i
0G = —2&T = &(6LYx; + ;7. Ty o1 ) + 273 o
0B = i@vuwdej+2ilye e e — id v de;
-2 I'L,'jajkgl’y[uw,,]k. (8)

M= D¢ —2L7y;

There are 8 + 8 off-shell degrees of freedom.

Van Proeyen, Antoine. "N= 2 supergravity in d= 4, 5, 6 and its matter couplings.” extended version of lectures given
during the semester “Supergravity, superstrings and M-theory” at Institut Henri Poincaré, Paris (2000).



Compensating Fields

Yang-Mills Multiplet

SA! = &N —g JAKffK,

AL = 2DAe+ fy Bleye + Yl + 24l — ga? \K e
5C, = el +2 ejeityAl + hc. + 0.’ — ga! O e
6Yijl' = 2 E(ir'JI‘) +2 e,'kej‘/g(kﬂl)l JYKfJK )
Nj = DX - 2Ay; 9)

where | = 1,2,....n (n is the dimension of gauge group)

There are 8n + 8n off-shell degrees of freedom.

Van Proeyen, Antoine. "N= 2 supergravity in d= 4, 5, 6 and its matter couplings.” extended version of lectures given
during the semester “Supergravity, superstrings and M-theory” at Institut Henri Poincaré, Paris (2000).



Linear Multiplet Composite Fields

Ly =Y

¢i = M= DX —2Ax;,

E? = 2D, (é—ab — l—llATHb) ,

G* = -2 <DCA — AD + M\ + %B. T‘) (10)

where superconformal d'Alembertian for A is given as
O°A'=D’D.A' = DDA +2fA" - %@E;Dax,{ — %X;’yaqﬁa '

+%X*IA’¢73¢¢Q, - 11—6/_\,-,50)_(717.(]-'7 G )Yy
—%ge”@,— N X e — %ga@f NI X (11)



Yang-Mills Composite Fields

A = G'L7t— i1,
.1 .
Nio= 2L D g — (L + 25K ¢y TR L7t
Y; = 2[-L7'0°L; — DL L + DLy DLyl 173 4 E2L;173
+G2LL™3 — E,D*LyiLjy *L7* + h.c.] + fermions
’ 1
kl _ij 1 =3 -1

B,w = 8[#Lik8,,]Lj/L &TJL _28[N( E,/]L — E V]

+h.c. + fermions (12)

k ,'ijéTULil)



Density Formula

The density formula for the product of a vector multiplet and a linear
multiplet is given as

~_ 1 1
e 'L = AG+AG - S YL+ ZeflgWPUEWBpU
+O (N + AV ) + Gi( N+ Ayry))

1 - AT v
—E(wlﬂ“)\f + Ay Y )L + h.c. (13)

de Wit, Bernard, and Frank Saueressig. " Off-shell N= 2 tensor supermultiplets.” Journal of High Energy Physics 2006,
no. 09 (2006): 062.



Superconformal Actions

Superconformal Action for Yang-Mills Multiplet

— .. — - 1 =0
e 'Lyy = %[Y,J’. Y¥ 4 4RO A) — AAID — SAIBLTT) + he.

5 1
+4e7! (BW AT +> B;l, + h.c.

+(fermions)]. (14)
Superconformal Action for Linear Multiplet
e 'Ly = DL+ L7'90°L;+ G2l + EFE, LY

—E*LTYWE Lge" — LD, Ly DLy LM 73
+ E””@HL,-/(&,LJ-/L“EUL_Z’ + (fermions). (15)




Gauge fixing and Decomposition Laws

Gauge Choices
b, =0 (K-gauge), X = X (A-gauge), X =X =1 (D-gauge),

Q;=0 (S-gauge) Lj = 5'1\[ (SU(2) gauge — U(1)).

Decomposition Laws

i1 i1y I i
n= 137 ? eabedHEE — égj"}/../—"ﬁj - §51’y.9+ej (16)
1 1,
Nip qbﬂ, e %L)(, + 57] i + h.c. (17)
) _ 1 .
AV = % ( ¢)f) g’kg-/lg(k¢/) — 56” € mgbn(sm,-, + hC) (18)



Super-Poincaré Actions

SuperPoincaré Action for Yang-Mills Multiplet

1 .. _ _ -
e Lyy = -5 YiY/ +2 (DA DA+ 2iA' A DA — 2iA' A°DLA,

g .
—ZA’be.Ta‘b + EA’A,.Ta_bTab‘ ) + h.c.

nv

— et (B,W’B,"” + %A’B;‘” T+ %A’B,W T‘) + h.c.

+ (fermions). (19)

v

SuperPoincaré Action for Linear Multiplet

1 1 1 1
e ' Lrr = SLR - EL‘lﬁuLaﬂL + g F* Fuw + G G + G2L71

L e
g 1" Huwp + L™ E,E* — LV, V" + fermions  (20)




New Transformation Rules

The Poincare supergravity is invariant under following supersymmetric
transformations :

de,? = &+ hc + Ne,

0 = 2D;IL(W+)GI - %5U’Yp(~7?pﬂ + iépukﬁ
ow, = 25,;?% + h.c.+ 0\,

W, = —2ieg@d +hc.+9uN,

1 Lz 7 i _ i
5BIW = E W[#(SQ Wl,] + 5 M/['LL(;Q Wl,] + 2¢ ’y[#l/}l,],- + 26,”}/[#1/)V]. (21)



Supercovariant Curvature

The Supercovariant Curvature under the Gauge as

~ 1
wl“/ r= 2D[,Lb(w+)w1’] — 55 ’)’ FC[“wy] j E f}/ gc[awb] o
Fuw = 20,Wy) — 5"f¢[uwi] — & w["iw”]j’
é\,uy = 28[# VT/,/] 4+ 8,ﬂ;f’u¢i] — Eijr&[uiwu]ja

—~ 3 3.~
Huwp = 30,8 Vp]+ Wi F 1/,0]7L W[u vpl ~ 31/’[# 'pr]l (22)



Transformation of Supercovariant Curvatures

Supersymmetric transformation of supercovariant curvatures are

5I€ab = 45,-j€i A;b + h.c.,
i 1 codp i
5Q;Z)ab = _5’7 dR(:dab(("J*)6 + (Vab) je - 7@( ) ab€j

1~ ~: 14 ~
_Z ab7-f€’ - Zgab7~gfl + ch [gacfdb + facgdb] 5

N _ 1 =
0D _pab = 6i7u¢éb—§€”6ilcab¢uj (23)
where
ab ab 1 ab
wE = wy :i:?Hu

5Kab - -/?ab + ié\aba (24)



Yang-Mills Fields under the Gauge condition

A" = @)X,

SAL = %7.3’—3,73 + Y+ 20 Ale — %A”y.(f —iQ)é — %A‘w.(ﬁ iG)é
+gA’ A ey

6C, = ey +2%E A + he. (25)

where, D], A" = 9, A" + gCAKf),



Map between Yang-Mills and Poincaré Multiplet

We observe that the transformation rules in Eq(25) and Eq(23) become

identical upon making the following identifications:

/ }{jab
A 4
| ~ b
Aj o | g™
/ , ,ab
C// —W—

Using this observation we can now easily write down a supersymmetric
Riemann tensor squared action by using the superPoincaré action formula

for the Yang-Mills multiplet given in Eq(19).



Supersymmetrized Riemann Tensor Squared Action

We obtain the bosonic part of the supersymmetrized Riemann Tensor
Squared Action(not complete)

Riemann Tensor Squared Action

eil‘CRiemz = - 671 (RcdabRade + %Rcdab(w—)(FabFCd + GabGCd)) + h.c.

%( D'*(w-) FapDe(w-)F** + D'*(w-) GopDi(w-) ™)

4
2

+%(FabFCd + G*G)(FapFea + GabGea) + h.c.

+ (fermions). (26)

I'y/ij
YY)




@ Using the Riemann tensor squared action we would like to calculate
the entropy of the black hole in this theory, and we would like to see
if it matches with the entropy in the string description.

@ Apply localization technique and quantum entropy function formalism
to calculate the quantum entropy of the black hole.
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Proca Lagrangian describing a non-interacting massive vector field V,,

L=—2(0uVs — 0, Vp,)* — 1m2v§

1
4 2

The presence of the mass term breaks the explicit gauge invariance of the

kinetic term, 6V, = J,\. To obtain a locally gauge invariant Lagrangian
via the field redefinition

V=W, - m*9,¢ (27)
which is invariant under the combined local gauge transformations

SW, =9\ 6p=m\  with Dud = D, — mW,



Gauge theory of Superconformal Algebra

1- Assign gauge fields to each generator.

Generator T P, M,, | D K, Q' S’ Vi A
Gauge fields h,(T) | e |w? | by [ 2 [0, [0,7 [ V] Au
Parameter &€ e [Ap [ Ay | & n' N | Aa

2-Transformations of gauge fields under local symmetry.

5(€)h, A = 0™ +¢Chy, Bgc A (28)

3- Covariant derivative is defined as:

D, =0, —6a(h,?) (29)

where h,, A means subtract the transformation of the gauge field, such
that parameter is replaced by corresponding gauge field.



4-Modification in the definition of Covariant Derivative.
We relaize that we need to modify the definition of covariant derivative in
presence of local translation. Because, in that case we can write covariant
derivative of the scalar(without any internal symmetry) as

Dy =0up—e,%0,0=0 (30)
Modified Covariant Derivative:
D, =0, —6(h,") (31)

where | denotes 'Standard gauge transformations’'(All the gauge
transformations except local translations).
4-Curvature or Field strength corresponding to gauge fields

[D,, D] = —6Ru,
Ruy ™ = 20,h, + hy ©hy Bfsc ? (32)

5()Ruw A = €“Ry, Bfgc A (33)



5-Gauge Theory for Spacetime Symmetries:

@ wy, ? should not be an independent field in general relativity. It is a
function of e, 7 .

@ Translations will be replaced by general coordinate transformations
(gct). These get will have to be distinguished from the other
transformations.

@ General coordinate transformations on gauge fields acts as:
Oget()hy A = € 0y A + (8,6, # (34)
@ Covariant general coordinate transformations is defined as

5cgct = 5gct - 5I(€Ih,u I) (35)



@ To identify local translation as covariant general coordinate
transformation we need to impose some constraints on the curvatures.

5cgcteu = 5Pe,u ? - EVRSI/(P) (36)
o Constrainst

R(P), =0, € bR(M);2 =0  +"R(Q),, =0.  (37)

@ The constraints make the gauge fields w, ab, f, ¢ and ¢' dependent.



Counting of off-shell degrees of freedom

Off-shell degrees of freedom = number of field components - gauge

Bosonic off-shell degree of freedom

transformation(symmetry)

Generator Gauge fields No. of field | Symmetries | Off-shell
components DOF
P, e, 4x4=16 4 12-6-4
ab
Mas n 6 x 4 =24 6
D b, 4 1 3
Ka fi 4x4=16 4
V' V' 3x4=12 3 9
A —iAu 4 1 3
Total 36 19
ota 17
Fermionic off-shell degree of freedom
Q' Yy 2x4x4=32|2x4=8 24 -8
S' ou' 2x4x4=32|2x4=38
Total 32 16
o 16




In the above equation, F,. is the superconformally covariant field strength associated
with the gauge field W, and is given as

-f'p,u - 28[;1 VVV] - 5qu7[_)[#" (’YV]QJ + d)u]J)_() - 60'1/;[#[ <’YV]QJ + T/JVI/X) .
Q\;w = 28[;; Wy] + isij'IZ[,ui ('YV]QJ + QPu]J)_() - isij/l/_}[ui(’yu]ﬂj + l/)ule) (38)

Fundamental fields of standard weyl multiplet appears as composite fileds in dilaton weyl
multiplet. The expressions for the composite fields are as follows:

THab _ o x—1 <]_—+ab - I-g+ab) L T x ! <]_—7‘ab 4 I-gfab> ,
1
Xi = §X ' DQ/ ;
1., co . 1=g 1 L1 ot
D:§|X\ XDX+§Q DQHLZFf +Zg'9 + h.c (39)
where,
O°X = D°D,X— %J)S DQ; + 27X
1- a 1= ij Ny — — cm—\ _a
—I—gz/)a’y DPQi + h.c. — RQ,-aJX 1fy.(]-' + G )Y ),
300, — XTI (40)



Here we have introduced a superconformal field strength BAW , defined by

B,, =B, - %Z\’ T (41)
where,
B = 20,Cy— w[w%v\ el — w[u Y Xey
—Auiyie’ — Ay " Tey, (42)
where the supercovariant derivative is defined as
D.Yj = (9u—2by) Yi—Vu J)k DuiBN) — el B,

1 a ;
DuXi = (O — Swu Pyab + EA" - Ebu) Ai — EV“ 2y

4
Eiji A i 1 ;
—PAY i — v B = S Y — Adui + g CIN Fic

) 1,
D,A = (8, — b, +iAL)A— Ew, +g CIA fix (43)



Entropy Function Formalism

An algorithm for constructing an ‘entropy function’, — a function of the
parameters labelling the near horizon background.

5( _’a V q7 ) - 27T(e/ql o f( u, _)7 ﬁ)) (44)

where (a7, V, €,p) = [ d0dp/—detgL.
Extremization of function £ determines all the near horizon parameters
o0& o0& o0&
=0, —=0, —
ou; ov; Oe;

=0.

This function at the extremum gives the entropy of the black hole

e e
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