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Motivation

In low curvature limit, the entropy of black hole is given by
Bekenstein - Hawking Area Law

SBH =
A

4
(1)

From statistical point of view, the entropy of black hole is

Sstat = no. of microstates of black hole

In the large black hole limit

SBH(Q) = Sstat(Q)

where SBH(Q) denotes the Bekenstein-Hawking entropy of an
extremal black hole carrying a given set of charges labelled by Q, and
Sstat(Q) is statistical entropy in the string theory carrying the same
set of charges.



For the finite size black hole, higher derivative terms modifies the
horizon geometry hence, black hole entropy.

Does the agreement between SBH(Q) and Sstat(Q) continue to hold
even after taking into account the effects of higher derivative
corrections on the black hole side, and deviation from the Cardy
formula on the statistical side?

It has been realized that the entropy of black hole can’t be completely
determined by using area law if we include higher derivative terms.

Entropy function formalism is used to calculate the entropy of a black
hole in the presence of higher derivative terms in the action.



Connection with String Theory : Higher derivative terms are
important in establishing a connection between microscopic quantities
computed in the string theory description, and macroscopic quantities
computed in the effective supergravity description.
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Tensor Calculus Method

Gauge Equivalence Program

1 . Introduce the extra symmetry (algebra and gauge multiplet),

2 . Choose compensators,

3 . Construct invariant action,

4 . Choose gauge fixings for redundant symmetries,

5 . Rewrite action and transformations.



Schematic Representation

Conformal Gravity
Independent fields: eaµ, bµ

No. of d.o.f = 5

Poincaré Gravity
Independent fields: eaµ

No. of d.o.f = 6

Weyl Multiplet
eaµ, bµ

Matter
Fields: φ

(Compensator)

Poincaré Gravity
eaµ

+

gauge fixing D and Ka



Gauge Equivalence

Conformal Algebra and Gauge Fields

A general global conformal transformation is given as follows

δCΦi = ξµ(x)∂µΦi − 1

2
Λµν
M (x)mµνΦj + ΛD(x)k iD(Φ) + λµKk

i
µ(Φ) (2)

where

ξµ(x) = aµ + λµνxν + xµλD +
(
x2λµK − 2xµx · λK

)
Λµν
M (x) = λµν − 4x [µλ

ν]
K

ΛD(x) = λD − 2x · λK

Commutator algebra of the conformal group[
M[µν],M[ρσ]

]
= 2ηµ[ρM[σ]ν] − 2ην[ρM[σ]µ],

[
Pµ,M[νρ]

]
= 2ηµ[νPρ][

Kµ,M[νρ]

]
= 2ηµ[νKρ], [Pµ,Kν ] = 2

(
ηµνD + M[µν]

)
[D,Pµ] = Pµ, [D,Kµ] = −Kµ



Local Conformal Transformation
Pa −→ eaµ, Mab −→ ωab

µ , D −→ bµ, Ka −→ f aµ (3)

aµ −→ aµ(x), λµν −→ λµν(x), λD −→ λµ(x), λµ
K −→ λµ

K (x) (4)

ξµ(x) becomes an arbitrary function of spacetime and the first term
in Eq(2) describes the transformation of Φi under a g.c.t.
Conformal transformation −→ Covariant g.c.t. + Standard gauge
transformations. Details

δcgct = δgct − δI (ξµhIµ) (5)

The gauge fields transform under the standard conformal
transformations as follows

δeaµ = −λabeµb − λDe
a
µ

δωab
µ = ∂µλ

ab + 2ω[a
µcλ

b]c − 4λ
[a
Ke

b]
µ

δbµ = ∂µλD + 2λa
Keµa

δf aµ = ∂µλ
a
K − bµλ

a
K + ωab

µ λKb − λabfµb + λD f
a
µ

Details



Gauge Theory of Gravity

For fields to transform properly under covariant general coordinate
transformations we need to impose constraints:

Rµν(Pa) = 0, eνbRµν(Mab) = 0.

Dependent gauge fields are given as:

ωab
µ = 2eν[a∂[µeν]

b] − eν[ae b]σeµc∂νe
c
σ + 2eµ

[ae b]νbν

f aµ e
µ
a = − R

4(D − 1)



Conformal Gravity Action

Sc = − 1
2

∫
dDx eφ�cφ

where

δφ = λDφ (6)

�cφ = eµa(∂µDaφ− 2bµDaφ+ ωab
µ Dbφ+ 2fµaφ)

Gauge fixing:

Sc = − 1
2

∫
dDx eφ�cφ

bµ = 0
−−−−→
K-fixing

S ′c = 1
2

∫
dDx e

(
∂µφ∂

µφ+
(D − 2)

4(D − 1)
Rφ2

)

Gauge Equivalent:

S ′c
φ =

√
4(D−1)
(D−2)

−−−−−−−−−→
Breaks dilatations

SH = 1
2

∫
dDx eR



Fields in N = 2 Supergravity theories

Superconformal Algebra

The superconformal transformations and their associated gauge fields are

Generator T Pa Mab D Ka Q i S i V i
j A

Gauge fields eaµ ωab
µ bµ f aµ ψµ

i φµ
i V iµ j Aµ

Parameter ξa εab ΛD Λa
K εi ηi Λi

j ΛA

(1 ≤ i , j ≤ 2) -fundamental rep. of the SU(2) of R-symmetry,
(a,b = 0......4) - tangent spacetime indices
(µ, ν = 0....4) - curved or world indices.



Conformal Supergravity

To construct off-shell representation of N = 2 conformal supergravity, we
have to impose constraints on the conformal curvatures.

R(P)aµν = 0, eν bR(M)abµν − i R̃(A)aµ = 0 γµR(Q)iµν = 0. (7)

Dependent bosonic fields: ωab
µ , f aµ

Dependent fermionic field: φµ
i

Gauge fields eaµ bµ ψi
µ V iµ j

There are 17(bosonic) + 16(fermionic) off-shell degrees of freedom. Its
necessary to add new fields to form super-multiplet.



Weyl Multiplet

All independent gauge fields together with the matter fields form a
superconformal multiplet, called the Weyl Multiplet.

Gauge fields eaµ bµ ψi
µ V iµ j

Matter Fields

Dilaton Weyl Multiplet

Wµ, W̃µ : gauge vectors (3+3),
Bµν : Two-form gauge field (3),
X : Complex scalar field (2),

Ωi : Majorana spinors (8).
Make Aµ gauge field dependent on the matter fields.

There are 24 + 24 off-shell degrees of freedom.



Dilaton Weyl Multiplet in D = 4

δeµ
a = ε̄iγaψµi + h.c.− ΛDeµ

a + Λab
M eµb,

δψµ
i = 2Dµε

i − 1

8
εijγ · (F− + iG−)γµεj − γµηi

δbµ =
1

2
ε̄iφµi −

1

4
ε̄iX−1γµ /DΩi −

1

2
η̄iψµi + h.c. + Λa

Keµa + ∂µΛD

δVµi
j = 2ε̄jφ

i
µ − X̄−1ε̄jγµ /DΩi + 2η̄jψ

i
µ − (h.c.; traceless)

δX = ε̄iΩi + (ΛD − iΛA)X

δΩi = 2 6DX εi +
1

4
εijγ · Fεj −

i

4
εijγ · G−εj + 2Xηi

δWµ = εij ε̄iγµΩj + 2εij X̄ ε̄
iψj

µ + h.c. + ∂µλ

δW̃µ = iεij ε̄iγµΩj − 2iεij X̄ ε̄
iψj

µ + h.c. + ∂µλ̃

δBµν = 1
2W[µδQWν] + 1

2W̃[µδQW̃ν] + X̄ ε̄iγµνΩi + 2XX̄ ε̄iγ[µψν] i + h.c

Details

Butter, Daniel, et al. ”N= 2 dilaton Weyl multiplet in 4D supergravity.” Journal of High Energy Physics 2018.3 (2018):
154.



Compensating Fields

Tensor Multiplet

δLij = 2ε̄(iφj) + 2εikεjl ε̄
(kφl) ,

δφi = /DLijεj + εij /E εj − Gεi + 2Lijηj ,

δG = −2ε̄iΓ
i − ε̄i (6Lijχj +

1

4
γ.T+

jk φl ε
ijεkl) + 2η̄i φ

i ,

δEµν = i ε̄iγµνφ
jεij + 2 iLijε

jk ε̄iγ[µψν]k − i ε̄iγµνφ
jεij

−2 iLijε
jk ε̄iγ[µψν]k . (8)

Γi = /Dφi − 2Lijχj

There are 8 + 8 off-shell degrees of freedom.

Van Proeyen, Antoine. ”N= 2 supergravity in d= 4, 5, 6 and its matter couplings.” extended version of lectures given
during the semester “Supergravity, superstrings and M-theory” at Institut Henri Poincaré, Paris (2000).



Compensating Fields

Yang-Mills Multiplet

δAI = ε̄iλIi − gαJAK f LJK ,

δλIi = 2 /DAI εi +
1

2
γ.B̂I εijεj + Y I

ij ε
j + 2AIηi − gαJλKi f

L
JK ,

δC I
µ = εij ε̄iγµλ

I
j + 2 εij ε̄iψµjA

I + h.c.+ ∂µα
I − gαJCK

µ f LJK ,

δY I
ij = 2 ε̄(iΠ

I
j) + 2 εikεjl ε̄

(kΠl)I − gαJY K
ij f

L
JK ,

Πj = /Dλj − 2Aχj (9)

where I = 1,2,....n (n is the dimension of gauge group)

There are 8n + 8n off-shell degrees of freedom.

Details

Van Proeyen, Antoine. ”N= 2 supergravity in d= 4, 5, 6 and its matter couplings.” extended version of lectures given
during the semester “Supergravity, superstrings and M-theory” at Institut Henri Poincaré, Paris (2000).



Linear Multiplet Composite Fields

Lij = Yij ,

φi = Πi = /Dλi − 2Aχi ,

E a = 2Db

(
B̂−ab − 1

4
AT+ab

)
,

G ∗ = −2

(
�cA− AD + χ̄kλk +

1

8
B̂.T−

)
(10)

where superconformal d’Alembertian for A is given as

�cAI = DaDaA
I = DaDaA

I + 2f aa A
I − 1

2
ψ̄i

aD
aλI

i −
1

2
λ̄iγ

aφa
i

+
1

8
X−1AI ψ̄aγ

a /DΩi −
1

16
λ̄iI ε

ij X̄−1γ.(F− + iG−)γaψaj

−1

2
gεijψi · γλ

J
j X

K f IJK −
1

2
gεijψ

i · γλjJXK f IJK (11)

Details



Yang-Mills Composite Fields

A = G ∗L−1 − φ̄iφjLijL−3,

λi = −2L−1 /D φi − (2Lijχ
j +

1

4
εklεij φ

l γ .T− jk) L−1

Yij = 2[−L−1�cLij − DL−1Lij + DaLikD
aLjlL

klL−3 + E 2LijL
−3

+G 2LijL
−3 − EµD

µLk(iLj)
kL−3 + h.c .] + fermions

B̂µν = ∂[µLik∂ν]LjlL
klεijL−3 − 2∂[µ( Eν]L

−1 − 1

2
Vν]

k
iLkjε

ijL−1)

+h.c .+ fermions (12)



Density Formula

The density formula for the product of a vector multiplet and a linear
multiplet is given as

e−1L = AG + ĀḠ − 1

2
Y ijLij +

1

4
e−1εµνρσEµνBρσ

+φ̄i (λi + A γµψµ i ) + φ̄i (λ
i + Ā γµψ i

µ)

−1

2
(ψ̄i

µγ
µλj + Ā ψ̄i

µγ
µνψj

µ)Lij + h.c . (13)

de Wit, Bernard, and Frank Saueressig. ”Off-shell N= 2 tensor supermultiplets.” Journal of High Energy Physics 2006,
no. 09 (2006): 062.



Superconformal Actions

Superconformal Action for Yang-Mills Multiplet

e−1LYM =
−aIJ

2
[Y I

ijY
ijJ + 4(ĀI�cAJ − ĀIAJD − 1

8
ĀI B̂J .T−) + h.c .

+ 4e−1

(
B̂µν I − − 1

4
AITµν +

)
BJ
µν + h.c .

+(fermions)]. (14)

Superconformal Action for Linear Multiplet

e−1LT = DL + L−1Lij�cLij + G 2L−1 + EµEµL
−1

−EµL−1Vk
µ iLkjε

ij − LijDaLikD
aLjlL

klL−3

+ Ẽµν∂µLik∂νLjlL
klεijL−3 + (fermions). (15)



Gauge fixing and Decomposition Laws

Gauge Choices

bµ = 0 (K-gauge), X = X̄ (A-gauge), X = X̄ = 1 (D-gauge),

Ωi = 0 (S-gauge) Lij = δij
L√
2

(SU(2) gauge → U(1)).

Decomposition Laws

ηi =
1

12
γa.εabcdHbcdεi − 1

8
εijγ.Fεj −

i

8
εijγ.G+εj (16)

ΛKµ = −1

2
ε̄iφµi +

1

2
ε̄iγµχi +

1

2
η̄iψµi + h.c . (17)

Λij =

√
2

L

(
ε̄(iφj) + εikεjl ε̄(kφl) −

1

2
δij ε̄ mφnδmn + h.c .

)
(18)



Super-Poincaré Actions

SuperPoincaré Action for Yang-Mills Multiplet

e−1LYM = −1

2
Y I
ijY

ij
I + 2 ( D ′aĀID

′
aA

I + 2iAIAaD ′aĀI − 2i ĀIAaD ′aAI

−1

4
ĀIBab

I .T
−
ab +

1

16
ĀI ĀI .T

−
abT

ab− ) + h.c .

− e−1

(
Bµν

IBµν
I +

1

4
AIBµν

I T+
µν +

1

4
ĀIBµν

I T−µν

)
+ h.c .

+ (fermions). (19)

SuperPoincaré Action for Linear Multiplet

e−1LTR =
1

2
LR − 1

2
L−1∂µL∂

µL +
1

4
FµνFµν +

1

4
GµνGµν + G 2L−1

+
L

24
HµνρHµνρ + L−1EµE

µ − L V
′ ij
µ V

′ µ
ij + fermions (20)



New Transformation Rules

The Poincare supergravity is invariant under following supersymmetric
transformations :

δeµ
a = ε̄iγaψµ i + h.c .+ Λab

M eµb,

δψµ
i = 2D ′µ(ω+)εi − 1

2
εijγρ(F̂ρµ + i Ĝρµ)εj ,

δWµ = 2εij ε̄
iψj

µ + h.c.+ ∂µλ ,

δW̃µ = −2 i εij ε̄
iψj

µ + h.c .+ ∂µλ̃ ,

δBµν =
1

2
W[µδQWν] +

1

2
W̃[µδQW̃ν] + 2ε̄iγ[µψν]i + 2ε̄iγ[µψ

i
ν]. (21)



Supercovariant Curvature

The Supercovariant Curvature under the Gauge as

ψ̂µν
i = 2D ′[µ(ω+)ψν]

i − 1

2
εijγcFc[µψν] j −

i

2
εijγcGc[aψb] j ,

F̂µν = 2∂[µWν] − εij ψ̄i
[µψ

j
ν] − ε

ij ψ̄[µiψν] j ,

Ĝµν = 2∂[µW̃ν] + i εij ψ̄
i
[µψ

j
ν] − i εij ψ̄[µiψν] j ,

Ĥµνρ = 3∂[µBνρ] +
3

4
W[µFνρ] +

3

4
W̃[µGνρ] − 3ψ̄[µ

iγνψρ] i . (22)



Transformation of Supercovariant Curvatures

Supersymmetric transformation of supercovariant curvatures are

δK̂ab = 4εij ε̄
i ψ̂j

ab + h.c . ,

δψ̂i
ab = −1

2
γcd R̂cdab(ω−)εi + (V̂ab)i jε

j − εij

2
/D
′
(ω−)K̂abεj

−1

4
F̂abγ.F̂εi −

1

4
Ĝabγ.Ĝεi +

i

4
ηcd [ĜacF̂db + F̂ac Ĝdb] ,

δω̂−µab = ε̄iγµψ̂
i
ab −

1

2
εij ε̄i K̂abψµj (23)

where

ωµ
ab
± = ωµ

ab ± 1

2
Ĥµ

ab

δK̂ab = F̂ab + i Ĝab, (24)



Yang-Mills Fields under the Gauge condition

δAI = ε̄iλI
i ,

δλI
i =

1

2
γ.BI−εijε

j + Y I
ij ε

j + 2 /D ′AI εi −
εij
4
AIγ.(F̂ − i Ĝ)εj − εij

4
ĀIγ.(F̂ + i Ĝ)εj

+gAJ ĀK f IJKεijε
j ,

δC I
µ = εij ε̄iγµλ

I
j + 2 εij ε̄iψµjA

I + h.c. , (25)

where, D ′µA
I = ∂µA

I + gC J
µA

K f IJK



Map between Yang-Mills and Poincaré Multiplet

We observe that the transformation rules in Eq(25) and Eq(23) become
identical upon making the following identifications:

AI

λIi
C I
µ

...

↔


K̂ab

4

εij ψ̂
abj

−ωab
µ−
...


Using this observation we can now easily write down a supersymmetric
Riemann tensor squared action by using the superPoincaré action formula
for the Yang-Mills multiplet given in Eq(19).



Supersymmetrized Riemann Tensor Squared Action

We obtain the bosonic part of the supersymmetrized Riemann Tensor
Squared Action(not complete)

Riemann Tensor Squared Action

e−1LRiem2 = − e−1

(
RcdabR

abcd +
1

4
Rcdab(ω−)(F abF cd + G abG cd)

)
+ h.c.

+
1

8
( D ′c(ω−)FabD

′
c(ω−)F ab + D ′c(ω−)GabD

′
c(ω−)G ab)

−1

2
Y I

ijY
ij
I

+
1

64
(F abF cd + G abG cd)(FabFcd + GabGcd) + h.c.

+ (fermions). (26)



Future Work

Using the Riemann tensor squared action we would like to calculate
the entropy of the black hole in this theory, and we would like to see
if it matches with the entropy in the string description.

Apply localization technique and quantum entropy function formalism
to calculate the quantum entropy of the black hole.
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Examples

Proca Lagrangian describing a non-interacting massive vector field Vµ

L = −1

4
(∂µVν − ∂νVµ)2 − 1

2
m2V 2

µ

The presence of the mass term breaks the explicit gauge invariance of the
kinetic term, δVµ = ∂µλ. To obtain a locally gauge invariant Lagrangian
via the field redefinition

Vµ = Wµ −m−1∂µφ (27)

which is invariant under the combined local gauge transformations

δWµ = ∂µλ δφ = mλ with Dµφ = ∂µφ−mWµ



Gauge theory of Superconformal Algebra

1- Assign gauge fields to each generator.

Generator T Pa Mab D Ka Q i S i V i
j A

Gauge fields hµ(T ) eaµ ωab
µ bµ f aµ ψµ

i φµ
i Vµ i

j Aµ

Parameter ξa εab ΛD Λa
K εi ηi Λi

j ΛA

2-Transformations of gauge fields under local symmetry.

δ(ε)hµ
A = ∂µε

A + εChµ
B fBC

A (28)

3- Covariant derivative is defined as:

Dµ ≡ ∂µ − δA(hµ
A) (29)

where hµ
A means subtract the transformation of the gauge field, such

that parameter is replaced by corresponding gauge field. Go Back



4-Modification in the definition of Covariant Derivative.
We relaize that we need to modify the definition of covariant derivative in
presence of local translation. Because, in that case we can write covariant

derivative of the scalar(without any internal symmetry) as

Dµφ = ∂µφ− eµ
a∂aφ = 0 (30)

Modified Covariant Derivative:

Dµ ≡ ∂µ − δI (hµ I ) (31)

where I denotes ’Standard gauge transformations’(All the gauge
transformations except local translations).

4-Curvature or Field strength corresponding to gauge fields

[Dµ,Dν ] = −δRµν

Rµν
A = 2∂[µhν] + hν

Chµ
B fBC

A (32)

δ(ε)Rµν
A = εCRµν

B fBC
A (33)



5-Gauge Theory for Spacetime Symmetries:

ωµν
a should not be an independent field in general relativity. It is a

function of eµ
a .

Translations will be replaced by general coordinate transformations
(gct). These gct will have to be distinguished from the other
transformations.

General coordinate transformations on gauge fields acts as:

δgct(ξ)hµ
A = ξν∂νhµ

A + (∂µξ
ν)hν

A (34)

Covariant general coordinate transformations is defined as

δcgct = δgct − δI (ξIhµ I ) (35)

Go Back



Constraints

To identify local translation as covariant general coordinate
transformation we need to impose some constraints on the curvatures.

δcgcteµ
a = δPeµ

a − ξνRa
µν(P) (36)

Constrainst

R(P)aµν = 0, eν bR(M)abµν = 0 γµR(Q)iµν = 0. (37)

The constraints make the gauge fields ωµ
ab, fµ

a and φi dependent.



Counting of off-shell degrees of freedom

Off-shell degrees of freedom = number of field components - gauge
transformation(symmetry)

Bosonic off-shell degree of freedom
Generator Gauge fields No. of field

components
Symmetries Off-shell

DOF

Pa eaµ 4× 4 = 16 4 12 - 6 - 4

Mab ωab
µ 6× 4 = 24

6

D bµ 4 1 3

Ka f aµ 4× 4 = 16
4

V i
j Vµ i

j 3× 4 = 12 3 9

A −iAµ 4 1 3

Total 36 19
17

Fermionic off-shell degree of freedom
Q i ψµ

i 2× 4× 4 = 32 2× 4 = 8 24 - 8

S i φµ
i 2× 4× 4 = 32 2× 4 = 8

Total 32 16
16

Go Back



In the above equation, Fµν is the superconformally covariant field strength associated
with the gauge field Wµ and is given as

F̂µν = 2∂[µWν] − εij ψ̄[µ
i
(
γν]Ω

j + ψν]
j X̄
)
− εij ψ̄[µi

(
γν]Ωj + ψν]jX

)
.

Ĝµν = 2∂[µW̃ν] + iεij ψ̄[µ
i
(
γν]Ω

j + ψν]
j X̄
)
− iεij ψ̄[µi

(
γν]Ωj + ψν]jX

)
(38)

Fundamental fields of standard weyl multiplet appears as composite fileds in dilaton weyl
multiplet. The expressions for the composite fields are as follows:

T+ab = 2X−1
(
F+ab − iG+ab

)
, T−ab = 2 X̄−1

(
F−ab + iG−ab

)
,

χj =
1

2
X−1 6DΩj ,

D =
1

2
|X |−2

(
X�c X̄ +

1

2
Ω̄k 6DΩk +

1

4
F · F+ +

1

4
G · G+ + h.c.

)
(39)

where,

�cX = DaDaX −
1

2
ψ̄a

iDaΩi + 2f aa X

+
1

8
ψ̄aγ

a /DΩi + h.c.− 1

16
Ω̄iε

ij X̄−1γ.(F− + iG−)γaψaj

−1

4
Ω̄iγ

aφa
i − 1

2
X−1Ω̄i /DΩi (40)
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Here we have introduced a superconformal field strength B̂µν , defined by

B̂I−µν = BIµν −
1

4
ĀI T−µν (41)

where,

Bµν = 2∂[µCν] − ψ̄[µ iγν]λjε
ij − ψ̄[µ

iγν]λ
jεij

−Aψ̄µiψνjε
ij − Ā ψ̄µ

iψν
jεij , (42)

where the supercovariant derivative is defined as

DµYij = (∂µ − 2bµ) Yij − Vµ k
(iYj)k − ψ̄µ(i /Dλj) − εikεjl ψ̄(k

µ /Dλl) ,

Dµλi = (∂µ −
1

4
ωµ

abγab +
i

2
Aµ −

3

2
bµ) λi −

1

2
Vµ j

iλj

− /DAψµ i −
εij
4
γ.B̂ ψµ

i − 1

2
Yijψ

j
µ − Aφµi + g C J

µλ
K
i f

I
JK ,

DµA = (∂µ − bµ + iAµ)A− 1

2
ψ̄i

µλi + g C J
µA

K f IJK (43)

Go Back



Entropy Function Formalism

An algorithm for constructing an ‘entropy function’, – a function of the
parameters labelling the near horizon background.

E(~u, ~v , ~e, ~q, ~p) ≡ 2π (eiqi − f (~u, ~v , ~e, ~p)) (44)

where f (~u, ~v , ~e, ~p) =
∫
dθdφ

√
− det gL.

Extremization of function E determines all the near horizon parameters

∂E
∂ui

= 0 ,
∂E
∂vi

= 0 ,
∂E
∂ei

= 0.

This function at the extremum gives the entropy of the black hole

SBH = E(~u, ~v , ~e, ~q, ~p)|near horizon background (45)
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